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NON-UNIQUENESS OF THE HOMOTOPY CLASS OF BOUNDED
CURVATURE PATHS
JOSE´ AYALA AND HYAM RUBINSTEIN
Abstract. A bounded curvature path is a continuously differentiable piece-
wise C2 path with a bounded absolute curvature that connects two points in
the tangent bundle of a surface. In this work, we analyze the homotopy classes
of bounded curvature paths for points in the tangent bundle of the Euclidean
plane. We show the existence of connected components of bounded curvature
paths that do not correspond to those under (regular) homotopies obtaining
the first results in the theory outside optimality. An application to robotics is
presented.
1. Prelude
Given a class of curves satisfying some constraints, understanding when there is
a deformation connecting two curves in the class, where all the intermediate curves
also are in the class, strongly relies on the defining conditions. When considering
continuity any two plane curves (both closed or with different endpoints) are homo-
topic one into the other. Whitney in 1937 observed that under regular homotopies
(homotopy through immersions) not always two planar closed curves lie in the same
connected component [26]. In fact, there are as many regular homotopy classes of
plane curves as integers. When considering curves with different endpoints the
concept of homotopies through immersions do not lead to results different from
those obtained when only continuity is considered. Dubins in 1957 introduced the
concept of bounded curvature path when characterizing bounded curvature paths
of minimal length [9]1.
Let (x,X), (y, Y ) ∈ TR2 be elements in the tangent bundle of the Euclidean
plane. A planar bounded curvature path is a C1 and piecewise C2 path starting
at x, finishing at y; with tangent vectors at these points X and Y respectively and
having absolute curvature bounded by κ = 1r > 0. Here r is the minimum allowed
radius of curvature. The piecewise C2 property comes naturally due to the nature
of the length minimisers [9].
A substantial part of the complexity of the theory of bounded curvature paths
is described in the following observation. In general, length minimisers are used to
establish a distance function between points in a manifold. This approach may not
be considered for spaces of bounded curvature paths since in many cases the length
variation between length minimisers of arbitrarily close endpoints or directions is
discontinuous. Closely related is the fact that for most cases the length minimisers
from (x,X) to (y, Y ) and from (y, Y ) to (x,X) have different length contradicting
Key words and phrases. Bounded curvature paths, homotopy classes, Dubins paths.
1Dubins proved that the length minimiser bounded curvature paths are paths being a concate-
nation of arcs of circles c and a line segment s. The csc-ccc paths.
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the symmetry property metrics satisfy. In addition, global length minimisers may
not be unique.
Spaces of bounded curvature paths may have up to six local minima (see Fig.
1). In addition, some length minimisers in these paths spaces are not embedded.
We first prove that a class of spaces of bounded curvature paths have isolated
points being these of three types, see Theorem 6.6. Our main result, Theorem 9.1,
establishes the existence of additional homotopy classes of bounded curvature paths
that do not correspond to those under (regular) homotopies. For a class of initial
and final points (x,X), (y, Y ) ∈ TR2 we prove the existence of a bounded plane
region in which no embedded bounded curvature path defined on it is homotopic
(without violating the curvature bound) to a path having a point in his image not
defined in such region. In other words, embedded bounded curvature paths get
trapped in these plane regions.
We prove that embedded bounded curvature paths in these trapping regions are
not homotopic while preserving the curvature bound to paths with self intersections,
see Corollary 8.15. In order to prove Theorem 9.1 a core result called the S-Lemma
is proven (see Lemma 8.11). This results relates the bound on curvature together
with the turning map and its extremals. It is reasonable to conjecture that the
space of embedded bounded curvature paths lying in these trapping regions forms
an isotopy class. Here we present the first results on bounded curvature paths
outside optimality.
Figure 1. Suppose x = (x,X),y = (y, Y ) ∈ TR2 with x = (0, 0),
X = e2pii ∈ TxR2, y = (1.5,−1.3) and Y = e−pi2 i ∈ TyR2. First
note that all the paths shown are local minima of length (widely
known as Dubins paths). Are these six paths in the same connected
component? How many connected components are in the space of
bounded curvature paths from x to y? In Theorem 9.1 we establish
that the first path is not homotopic (while preserving the curvature
bound throughout the deformation) to any of the other five paths.
Bounded curvature paths have proven to be extremely useful in applications since
a bound on the curvature is a turning circle constraint for the trajectory of wheeled
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robots (and Unmanned Aerial Vehicles [14, 19, 25]) along paths. Applications can
be found in computer science [1, 5, 8, 11, 15, 21], control theory [7, 13, 16, 17, 18,
20, 22, 23] and engineering [3, 4, 6, 14, 19, 25].
In the design of an underground mine (a network navigated by wheeled robots)
the mine is considered as a 3-dimensional system of tunnels where the (directed)
nodes correspond to: the surface portal, access points, and draw points. The links
correspond to the centerlines of ramps and drives [3]. In addition, conditions of
navigability as turning radius for vehicles, and gradient for ramps are required.
Corollary 10.1 proves the optimality of the algorithm implemented in DOT, a soft-
ware for constructing minimal length networks of systems of tunnels under the
constraints previously described (see [3] and Fig. 14).
2. Preliminaries
Let us denote by TR2 the tangent bundle of R2. The elements in TR2 corre-
spond to pairs (x,X) sometimes denoted just by x. As usual, the first coordinate
corresponds to a point in R2 and the second to a tangent vector to R2 at x.
Definition 2.1. Given (x,X), (y, Y ) ∈ TR2, we say that a path γ : [0, s] → R2
connecting these points is a bounded curvature path if:
• γ is C1 and piecewise C2.
• γ is parametrized by arc length (i.e ||γ′(t)|| = 1 for all t ∈ [0, s]).
• γ(0) = x, γ′(0) = X; γ(s) = y, γ′(s) = Y.
• ||γ′′(t)|| ≤ κ, for all t ∈ [0, s] =: I when defined, κ > 0 a constant.
Of course, s is the arc-length of γ.
The first condition means that a bounded curvature path has continuous first
derivative and piecewise continuous second derivative. We would like to point out
that the minimal length elements in spaces of paths satisfying the last three items
in Definition 2.1 are in fact paths being C1 and piecewise C2.
For the third condition, without loss of generality, we can extend the domain of
γ to (−, s+ ) for  arbitrarily small. Sometimes we describe the third item as the
endpoint condition.
The last condition means that bounded curvature paths have absolute curvature
bounded above by a positive constant. Without loss of generality we consider κ = 1
throughout this work, see Fig. 2.
We consider the origin of our coordinate system as the base point x with the
standard basis {X = e1, e2}. Recall that TR2 is equipped with a natural projection
pi : TR2 → R2. The fiber pi−1(x) is S1 for all x ∈ R2. The space of endpoint
conditions corresponds to a sphere bundle on R2 with fiber S1.
Definition 2.2. Given x,y ∈ TR2 and a maximum curvature κ > 0. The space
of bounded curvature paths satisfying the given endpoint condition is denoted by
Γ(x,y).
Throughout this work we consider Γ(x,y) with the topology induced by the
C1 metric. It is important to note that properties (among many others) such as
number of connected components and number of local minima in Γ(x,y) depend
on the chosen elements in TR2.
Definition 2.3. Let Cl(x) be the unit circle tangent to x and to the left of X.
Analogous interpretations apply for Cr(x), Cl(y) and Cr(y) (see Fig. 2 left). These
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circles are called adjacent circles. Denote their centers with lowercase letters, so
the center of Cl(x) is denoted by cl(x).
Figure 2. Checking the bound on curvature at γ(t). The first
two paths have curvature bounded by κ = 1. The third path has
curvature greater to 1 at γ(t). The bound on curvature is violated
since r < 1 at γ(t) implies κ > 1.
We adopt the following convention: When a path is continuously deformed under
parameter p, we reparametrize each of the deformed paths by its arc-length. Thus
γ : [0, sp] → R2 describes a deformed path at parameter p, with sp corresponding
to its arc-length.
Definition 2.4. Given γ, η ∈ Γ(x,y). A bounded curvature homotopy between
γ : [0, s0] → R2 and η : [0, s1] → R2 corresponds to a continuous one-parameter
family of immersed paths Ht : [0, 1]→ Γ(x,y) such that:
• Ht(p) : [0, sp]→ R2 for t ∈ [0, sp] is an element of Γ(x,y) for all p ∈ [0, 1].
• Ht(0) = γ(t) for t ∈ [0, s0] and Ht(1) = η(t) for t ∈ [0, s1].
The next remark summarizes well known facts about homotopy classes of paths
on metric spaces. These facts are naturally adapted for elements in Γ(x,y) with
x,y ∈ TR2. Recall that we are considering Γ(x,y) with the topology induced by
the C1 metric.
Remark 2.5. (On homotopy classes). Given x,y ∈ TR2 then:
• Two bounded curvature paths are bounded-homotopic if there exists a bounded
curvature homotopy from one path to another. The previously described
relation defined by ∼ is an equivalence relation.
• A homotopy class in Γ(x,y) corresponds to an equivalence class in Γ(x,y)/ ∼.
• A homotopy class is a maximal path connected set in Γ(x,y).
Definition 2.6. A bounded curvature path is said to be free if is bounded-homotopic
to a path of arbitrary large length.
3. Proximity of endpoints
Next we obtain four simple pairs of inequalities. These allow us to reduce the
study of configurations of endpoints in TR2 to a finite number of cases (up to
isometries). One of these conditions partially characterize the spaces of bounded
curvature paths containing only embedded paths.
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The following relations are obtained by analysing the configurations for the ad-
jacent circles in the plane (see Fig. 3).
(i) d(cl(x), cl(y)) ≥ 4 and d(cr(x), cr(y)) ≥ 4
(ii) d(cl(x), cl(y)) < 4 and d(cr(x), cr(y)) ≥ 4
(iii) d(cl(x), cl(y)) ≥ 4 and d(cr(x), cr(y)) < 4
(iv) d(cl(x), cl(y)) < 4 and d(cr(x), cr(y)) < 4
Note that by definition d(cl(x), cr(x)) = 2 and d(cl(y), cr(y)) = 2. In addition,
it is easy to see that the first two paths in Fig. 2 satisfiy (i). In Fig. 4 we emphasise
that several configurations are possible under condition (iv).
Figure 3. Examples of endpoints satisfying (i), (ii) and (iv). Note
that (ii) and (iii) are equivalent up to isometries. Upper right
corner: Are γ1 and γ2 bounded-homotopic? Lower right corner: In
Theorem 9.1 we prove that γ1 and γ2 are not bounded-homotopic
to γ. All the paths shown are local minima of length.
Next we describe a type of configuration satisfying (iv) of particular interest.
Remark 3.1. (Constructing Ω ⊂ R2). Consider (x,X), (y, Y ) ∈ TR2 with x =
(0, 0), X = e2pii ∈ TxR2, y = (3, 0) and Y = e2pii ∈ TyR2. Note that the endpoint
condition satisfies (iv). Let γ be the line segment joining (x,X) with (y, Y ) (you
may imagine that γ is made out of rubber) see Fig. 5 top. By sliding a unit disk
D along γ up we obtain a path w1. Note that D gets stuck in between Cl(x)
and Cl(y). This happen since d(cl(x), cl(y)) < 4 and because the initial and final
points and directions are fixed. Note that the centers of the three circles involved
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Figure 4. Examples of bounded curvature paths whose adjacent
circles (omitted in the illustration) satisfy condition (iv). In The-
orem 6.6 we show that the second and third paths are isolated
points in their respective spaces Γ(x,y). Note that the last path
has parallel tangents and therefore is free (see Proposition 6.5). For
the sake of clarity sometimes we omit the initial and final tangent
vectors.
Figure 5. Constructing regions Ω ⊂ R2 as described in Remark 3.1.
are the vertices of an isosceles triangle with two sides of length 2 and the other one
of length d(cl(x), cl(y)). If the centers of the three circles in question are collinear
then D′ has radius less to 1 implying that the continuous deformation of γ (see Fig.
5 bottom) violates the curvature bound. Analogously, a curve w2 is obtained by a
similar process, this time D gets stuck in between Cr(x) and Cr(y).
By concatenating w1 and w2 we obtain a simple closed plane curve. And, by
the Jordan curve theorem, the complement of such a curve consists of exactly two
connected components in R2. One is bounded while the other is unbounded.
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Figure 6. In grey we illustrate some regions Ω ⊂ R2 as described
in Remark 3.1. Note that the shape of the regions is determined
by the initial and final points in TR2. Can these spaces of paths
be parametrized so that we can describe exactly for what points
in x,y ∈ TR2 these regions Ω are obtained?
Definition 3.2. Suppose that the construction in Remark 3.1 can be performed.
Let Ω ⊂ R2 be the closure of the bounded component enclosed by w1 and w2
in Remark 3.1. In this case we say that x,y ∈ TR2 carries a region Ω. A path
γ : I → R2 is said to be in Ω if γ(t) ∈ Ω for all t ∈ I. Otherwise γ is said to be not
in Ω. The boundary of Ω is denoted by ∂Ω.
Remark 3.3. If x,y ∈ TR2 satisfies (iv) we have three mutually exclusively cases:
• x,y ∈ TR2 carries a region Ω ⊂ R2 (see Fig. 6).
• x,y ∈ TR2 is the endpoint condition of a path consisting of a single arc of
a unit circle of length less than pi or, x,y ∈ TR2 is the endpoint condition
of a path consisting of a concatenation of two arcs of unit circles each of
length less than pi (see the second and third illustrations in Fig. 4).
• x,y ∈ TR2 is the endpoint condition of a free path (see Fig. 4 right).
Definition 3.4.
• If x,y ∈ TR2 satisfies (i) we say that Γ(x,y) satisfies condition A.
• If x,y ∈ TR2 satisfies (ii) or (iii) we say that Γ(x,y) satisfies condition B.
• If x,y ∈ TR2 satisfies (iv) and Γ(x,y) contains a path that has as a subpath
being:
– an arc of circle of length greater than or equal to pi, or
– a line segment of length greater than or equal to 4.
we say that Γ(x,y) satisfies condition C.
Definition 3.5. Suppose that x,y ∈ TR2 satisfies (iv). We say that Γ(x,y) satisfies
condition D if:
• x,y ∈ TR2 carries a region Ω ⊂ R2, or
• Γ(x,y) contains a path consisting of an arc of a unit circle of length less
than pi, or
• Γ(x,y) contains a path being a concatenation of two arcs of unit circle of
length less than pi each.
It is not hard to see that the three items in Definition 3.5 are mutually exclusive.
8 JOSE´ AYALA AND HYAM RUBINSTEIN
4. Some remarks about Ω
Recall that in Remark 3.1 we obtained the curves w1 and w2 being each a
bounded curvature path consisting of a concatenation of three arcs of unit circle.
The four inflection points in w1 and w2 shown in Fig. 7 are denoted by i and are
indexed as elements in R2 with ||ik|| ≤ ||ik+1|| for k = 1, 2, 3.
Set Θk as the smallest circular arc on the appropriate adjacent circle (whose
length we denote by θk) starting from x or y and finishing at ik with 1 ≤ k ≤ 4
(see Fig. 7). Denote by `1 and `2 the lines joining the first two and the last two
indexed inflection points respectively.
Figure 7. Notation for a generic Ω ⊂ R2.
We subdivide Ω ⊂ R2 into three subregions as follows:
• Let R1 be the closed portion of Ω which is to the left of `1.
• Let R2 be the closed portion of Ω which is between `1 and `2.
• Let R3 be the closed portion of Ω which is to the right of `2.
If θ2 >
pi
2 , then `1 crosses twice the adjacent arc Θ2. In this case we replace `1
by the line joining i1 and a point z in the adjacent arc Θ2 such that `1 is tangent
to Θ2 at z. The same idea is applied if θ4 >
pi
2 .
Recall that under condition D we have that:
d(cl(x), cl(y)) < 4 and d(cr(x), cr(y)) < 4
In particular we have that the center of the upper arc in ∂R2 is located below
the line segment with endpoints cl(x) and cl(y), and the center of the lower arc
in ∂R2 is located above the line segment with endpoints cr(x) and cr(y). Observe
that otherwise the middle circular arcs in ∂R2 would have length greater or equal
than pi which contradicts the formation of Ω.
Lemma 4.1. The length of the circular arcs in ∂Ω satisfies:
• if θ2 ≥ pi2 , then θ1 < pi2 .• if θ4 ≥ pi2 , then θ3 < pi2 .
NON-UNIQUENESS OF THE HOMOTOPY CLASS OF BOUNDED CURVATURE PATHS 9
Proof. Suppose that θ1 ≥ pi2 , with θ2 ≥ pi2 . Consider the following subsets of R2
S+ = {(u, v) ∈ R2 |u ≥ 0 v > 1} and S− = {(u, v) ∈ R2 |u ≥ 0 v < −1}.
Without loss of generality suppose that θ1 lies in Cl(x), then consider the line l1
starting at cl(x) and passing through the inflection point i1. Note that the center
of the boundary arc ∂R2 adjacent to Cl(x) must lie on l1. Since the length of the
boundary arc ∂R2 adjacent to Cl(x) is less than or equal to pi this implies that cl(y)
lies in the interior of the upper half space of l1. Similarly, if l2 is the line passing
through cr(x) and i2, then cr(y) lies in the interior of the lower half space of l2.
Observe that cl(y) lies in the interior of S+ and that cr(y) lies in the interior of
S− implying that d(cl(y), cr(y) > 2 which leads to a contradiction. An analogous
approach proves the second statement. 
Corollary 4.2. ∂Ω contains at most two arcs Θk such that, θk >
pi
2 .
Proof. Suppose that θk >
pi
2 , for three indices. So, we have 4 possible arrange-
ments satisfying the hypothesis, these are {θ1, θ2, θ3}, {θ1, θ2, θ4}, {θ1, θ3, θ4}, and
{θ2, θ3, θ4}. Observe that for θ1, θ2 > pi2 Lemma 4.1 immediately implies that
d(cl(y), cr(y)) > 2. Similarly if θ3, θ4 >
pi
2 by the same argument implies that
d(cl(x), cr(x)) > 2. Since θ1, θ2 or θ3, θ4 are contained in all the possible arrange-
ments of three angles the result follows. 
Remark 4.3. Observe that the combinations θ1, θ3 >
pi
2 ; θ1, θ4 >
pi
2 ; θ2, θ3 >
pi
2 ;
θ2, θ4 >
pi
2 are the only possible configurations for the lengths of the adjacent arcs
when Ω contains two arcs Θk with lengths greater than
pi
2 .
5. On the diameter of Ω
In Section 8 we prove a core result characterizing embedded bounded curvature
paths in Ω ⊂ R2. The S-Lemma (Lemma 8.11) relates the diameter of Ω, the
turning map, together with the existence of maximal inflection points. In this
section we give an upper bound for the diameter of Ω for all x,y ∈ TR2 satisfying
condition D.
Proposition 5.1. The two unit disks defined by extending the two middle arcs in
∂R2 have intersecting interiors.
Proof. Recall that Ω ⊂ R2 is obtained when simultaneously,
d(cl(x), cl(y)) < 4 and d(cr(x), cr(y)) < 4.
Suppose the two unit radius disks D1,D2 defined by the middle arcs have dis-
joint interiors. The distance of their centers c1, c2 satisfies d(c1, c2) ≥ 2. Let
Q be the quadrilateral with vertices cl(x), cr(x), cl(y), and cr(y). Observe that
d(cl(x), cl(y)) < 4 and d(cr(x), cr(y)) < 4 implies that c1 and c2 are points in the
interior of Q. By condition D, the middle arcs in ∂R2 have length less than pi.
Observe that,
2 = d(cl(x), c1) = d(cl(y), c1) = d(cr(x), c2) = d(cr(y), c2) =
d(c1, c2) = d(cl(x), cl(y)) = d(cr(x), cr(y))
It is easy to see that c1 and c2 are in Q and that d(c1, c2) ≥ 2 is impossible. 
Corollary 5.2. If w and z belong to opposite components of ∂R2 then,
d(w, z) < 4.
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Proof. After extending the middle arcs in ∂R2 to circles we see that Proposition
5.1 ensures that these circles overlap. Therefore the distance of any two points in
opposite arcs of ∂R2 is bounded above by 4. 
Remark 5.3. Given two disjoint circles C1 and C2 in the plane. The line connecting
their centers intersects the circles at four points {w, x, y, z}; we denote by XY the
line segment joining the points x ∈ C1 and y ∈ C2, which has interior disjoint from
the circles, and by WZ the long segment joining the points w ∈ C1 and z ∈ C2.
The following claims are valid since under the presented conditions there are only
four critical points for the distance function between points on the circles, one
maximum, one minimum and two saddle points:
• The maximum of the distances between points in C1 and C2 is given by the
endpoints of the segment WZ. That is,
max
a∈C1 b∈C2
d(a, b) = d(z, w).
• The minimum of the distances of points in C1 and C2 is given by the
endpoints of the segment XY . That is,
min
a∈C1 b∈C2
d(a, b) = d(x, y).
We leave the details to the reader.
Theorem 5.4. The diameter of Ω ⊂ R2 is strictly bounded by 4.
Proof. Since the region Ω is compact and the Euclidean distance is continuous we
have that d : Ω × Ω → R≥0 attains a maximum. Naturally, the maximum of d
must be achieved in ∂Ω. In addition, note that d(x, y) may or may not be a local
maximum whenever Ω exists, see Fig. 6 for examples of both cases. Corollary 5.2
establishes an upper bound for the distances between the opposite arcs in ∂R2 and,
by the first item in Remark 5.3 extended to overlapping circles such a value is a
local maximum only if such arcs intersect the line joining the respective centers of
the overlapping circles inside Ω. The second item in Remark 5.3 establishes that
the distances between opposite arcs in ∂R1 and ∂R3 are at most candidates to be
saddles or local mimima. We have that:
diam(Ω) = max{d(x, y), d(w, z)},
concluding that diam(Ω) < 4 as desired. 
6. Existence of isolated points
The proof of Theorem 6.6, the main result in this section, requires Lemma 3.1
in [2]. This lemma states that a bounded curvature path with the initial and final
points being distant apart less than 2 cannot be defined above a unit radius circle
while exclusively lying in an open band of width 2 and arbitrary height, see Fig. 8.
This lemma is independent of wether or not we fix the initial and final vectors. We
encourage the reader to refer to [2] for details.
Lemma 6.1. (Lemma 3.1 in [2]). A bounded curvature path γ : I → B where,
B = {(x, y) ∈ R2 | − 1 < x < 1 , y ≥ 0}
cannot satisfy both:
• γ(0), γ(s) are points on the x-axis.
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• If C is a unit circle with center on the negative y-axis, and γ(0), γ(s) ∈ C,
then some point in Im(γ) lies above C.
The next definition will be of relevance when concluding the proof of the S-
Lemma (see Lemma 8.11).
Definition 6.2. Let L1 and L2 be the lines x = −1 and x = 1 respectively. A line
joining two points in γ distant apart at least 2 one to the left of L1 and the other
to the right of L2 is called a cross section (see dashed trace in Fig. 8 right).
Definition 6.3. A plane curve γ has parallel tangents if there exist t1, t2 ∈ I, with
t1 < t2, such that γ
′(t1) and γ′(t2) are parallel and pointing in opposite directions
(see Fig. 9).
Figure 8. An illustration of Corollary 6.4. Here p and q repre-
sent γ(0) and γ(s) respectively. We obtain the fourth illustration
from the third one by clockwise rotating the band B with point of
rotation the center of C. In this fashion we obtain a pair parallel
tangents. The dashed trace at the right corresponds to a cross
section for γ. Refer to [2] for details.
Corollary 6.4. (See [2]). Suppose a bounded curvature path γ : I → R2 satisfies:
• γ(0), γ(s) are points on the x-axis.
• If C is a unit radius circle with centre on the negative y-axis, and γ(0), γ(s) ∈
C, then some point in Im(γ) lies above C.
Then γ admits parallel tangents and therefore a cross section.
Next result gives conditions for the existence of parallel tangents.
Proposition 6.5. (See [2]). Bounded curvature paths having parallel tangents are
free paths (see Fig. 9).
Dubins in [10] proved that a bounded curvature path with endpoint condition
x,y ∈ TR2 corresponding to an arc of a unit radius circle of length less than pi2 is an
isolated point in Γ(x,y). Next we characterize the isolated points in Γ(x,y) for all
x,y ∈ TR2 satisfying condition D. In particular, we prove that bounded curvature
paths of length zero are isolated points.
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Figure 9. Left: An example of a path with parallel tangents.
Right: A path bounded-homotopic to the path at the left.
Theorem 6.6. (Characterization of isolated points).
• A bounded curvature path from x ∈ TR2 to itself consisting of a single
point is an isolated point in Γ(x,x).
• A bounded curvature path satisfying x,y ∈ TR2 consisting of a single arc
of a unit radius circle of length less than pi is an isolated point in Γ(x,y).
• A bounded curvature path satisfying x,y ∈ TR2 consisting of a concate-
nation of two arcs of unit radius circles each of length less than pi is an
isolated point in Γ(x,y).
Proof. Let γ ∈ Γ(x,x) be a loop arbitrarily small. Consider a coordinate system so
that x ∈ R2 lies in a radius r circle C while γ lying above C. By applying Lemma
6.1 we conclude that γ cannot exist.
For the second statement. Let γ ∈ Γ(x,y) be an arc of a unit radius circle of
length ` < pi. Suppose there exists a bounded curvature homotopy Ht : [0, 1] →
Γ(x,y) between γ and some path δ ∈ Γ(x,y) (different from γ) such that Ht(0) = γ
and Ht(1) = δ. By the continuity of Ht, there exists  > 0 and σ ∈ Γ(x,y) (different
from γ) such that Ht() = σ and with the image of σ being arbitrarily close to γ.
By applying Lemma 6.1 we conclude that σ cannot exist. Since  > 0 can be chosen
to be arbitrarily small, we conclude that γ is an isolated point in Γ(x,y).
For the third statement. Let γ ∈ Γ(x,y) be a concatenation of two arcs of unit
radius circles each of length less than pi say C1 and C2. Suppose there is a bounded
curvature homotopy Ht : [0, 1] → Γ(x,y) such that Ht(0) = γ and Ht(1) = δ with
γ 6= δ. Since homotopies are continuous maps we can choose a sufficiently small
 > 0 such that Ht() = η with the property that η(t′), for some t′ ∈ I, intersects
γ and is arbitrarily close to the unique intersection (inflection) point between C1
and C2. Since the length of C1 and C2 each is less than pi, by applying Lemma 6.1
in between x and η(t′), or in between η(t′) and y the result follows. 
Theorem 6.7. A path with a self intersection is free. A free path is bounded-
homotopic to a path with a self intersection.
Proof. Consider a bounded curvature path having a self intersection at γ(t1) = γ(t2)
with t1 < t2. Consider γ(t1 + δ) and γ(t2− δ) for sufficiently small δ > 0. Consider
a unit disc containing in its boundary γ(t1 + δ) and γ(t2 − δ). By Corollary 6.4 γ
must contain a pair of parallel tangents and by Proposition 6.5 γ is a free path. It is
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easy to see that a free path is bounded-homotopic to a path with a self intersection
by applying the disk sliding procedure in Remark 3.1 in one of the parallel lines
until the deformed piece of the path intersects the other parallel. We leave the
detail to the reader. 
7. Bounded Curvature Paths in Ω
Definition 7.1. Suppose γ : I → R2 satisfies condition D. Let,
• ∆(Ω) ⊂ Γ(x,y) be the space of embedded bounded curvature paths in
Ω ⊂ R2.
• ∆′(Ω) ⊂ Γ(x,y) be the space of paths bounded-homotopic to paths not in
Ω ⊂ R2.
We characterize the elements in ∆(Ω) by understanding how they intersect ∂Ω.
Our main result, Theorem 9.1 shows that ∆(Ω) ∩∆′(Ω) 6= ∅.
Definition 7.2. Let γ : int(I) → Ω ⊂ R2 such that its image is not contained in
∂Ω for every subinterval of I. A point γ(t) ∈ ∂Ω is called boundary tangent point,
see Fig. 10.
Figure 10. The points γ(t) at the left and right illustrations are
boundary tangent points while γ(p) at the center is not a boundary
tangent point.
Our first goal is to establish whether embedded bounded curvature paths in
Ω ⊂ R2 have boundary tangent points. As a first step we prove the following
results. Their proofs strongly depend on the bound on curvature and the way these
paths intersect ∂Ω.
Lemma 7.3. If a bounded curvature path γ : [0, s]→ R2 lies in a unit radius disk
D, then either γ is entirely in ∂D, or the interior of γ is disjoint from ∂D.
Proof. Suppose there is a bounded curvature path γ : I → D not entirely in ∂D,
such that γ(p) ∈ ∂D, for some p ∈ int(I). Since γ is piecewise C2, there are two
cases. Firstly, if γ′′ is defined (and continuous) in a neighborhood of p. Choose
coordinates so that γ(p) is the origin and γ′(p) is the positive x-axis with D in the
upper half plane. Then locally ∂D has the form (t, 1−√1− t2). Write γ in the form
(t, f(t)). Then the curvature bound becomes f
′′
(1+f ′2)
3
2
≤ 1 using the well known
formula for the curvature of a graph. Since f(0) = 0 and f ′(0) = 0, integrating the
differential inequality gives f(t) ≤ 1−√1− t2. But this implies γ is disjoint from
the interior of D near p. We conclude γ coincides with ∂D near p. In the second
case γ′′ is not defined at p. If γ(p) is an inflection point then γ crosses ∂D at γ(p),
contrary to the assumption that γ lies entirely in D. If γ(p) is not an inflection
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point we use a similar argument as the one when γ′′ is defined (and continuous) in
a neighborhood of p to conclude the proof. 
Corollary 7.4. A bounded curvature path having its final position in the interior
of either of the disks with boundary Cl(x) or Cr(x) is free.
Proof. Since the distance between the initial and final points x and y satisfies
d(x, y) < 2, by applying Corollary 6.4 the path admits parallel tangents and by
Proposition 6.5 we conclude that the path is free. 
Theorem 7.5.
• A bounded curvature path in Ω ⊂ R2 does not have a boundary tangent
point in R1 before first leaving to R2.
• A bounded curvature path in Ω ⊂ R2 does not have a boundary tangent
point in R3 after its last exit from R2.
Proof. Consider the first statement. Let γ be a bounded curvature path in Ω.
Suppose there exists t ∈ int(I) such that:
Im(γ) ∩ ∂Ω = {γ(t)}
is a boundary tangent point in R1 before γ reaches R2. Change coordinates so that
the line through x and γ(t) is the new x-axis and a new origin o is the midpoint
between x and γ(t) with the positive y-axis passing through R1. Define B as in
Lemma 6.1. It is easy to check that R1 ⊂ B and so the result follows from Lemma
6.1. An analogous method proves the second statement. 
The first statement in Theorem 7.5 establishes that no bounded curvature path
in Ω ⊂ R2 have a boundary tangent point in ∂R1 ⊂ ∂Ω before the path enters R2.
Symmetrically, no bounded curvature path in Ω have a boundary tangent point in
∂R3 ⊂ ∂Ω after leaving R2 for the final time.
Theorem 7.6. Bounded curvature paths in Ω ⊂ R2 do not have boundary tangent
points in R2.
Proof. By considering ∂R2 as ∂D in Lemma 7.3 the result follows. 
8. The S-Lemma
The S-Lemma gives a method for characterizing paths in Ω ⊂ R2 via the turn-
ing map and its extremals. Of special relevance will be the existence of maximal
inflection points and their relation with curvature and the diameter of Ω.
Consider the exponential map exp : R→ S1.
Definition 8.1. For a path γ : I → R2. The turning map τ is defined in the
following diagram,
I
τ

w

R
exp
// S1
The map w : I → S1 is called the direction map, and gives the derivative γ′(t)
of the path γ at t ∈ I. The turning map τ : I → R gives the turning angle the
derivative vector makes at t ∈ I with respect to exp(0) i.e., the turning angle γ′(t)
makes with respect to the x-axis.
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Definition 8.2. γ ∈ Γ(x,y) have a negative direction if there exists t ∈ I such that
〈X, γ′(t)〉 < 0.
In order to ensure conditions for the existence of a negative direction we state
the following intuitive result whose proof is left to the reader.
Lemma 8.3. A C1 path γ(t) = (x(t), y(t)) with x : I → R not being a monotone
function have a negative direction.
Consequently, a path having only non-negative directed tangent vectors must
have a non-decreasing coordinate function x : I → R. Therefore such a path is
confined to never travel backwards when projected to the x-axis.
Definition 8.4. A boundary tangent point γ(t) ∈ ∂R1, t ∈ I is called a returning
point if there exists r ∈ I such that r < t and γ(r) ∈ R2. A boundary tangent
point γ(t) ∈ ∂R3, t ∈ I is called a returning point if there exists r ∈ I such that
t < r and γ(r) ∈ R2.
Bounded curvature paths in Ω ⊂ R2 may or may not have a returning point. This
depends on the shape of Ω and therefore on the endpoint in TR2. In particular, if
Ω contains a unit radius disk D such that ∂R1 ∩D (or ∂R3 ∩D) is non-empty then
paths with self intersections having returning points can be constructed. However,
these paths are not embedded and therefore free by virtue of Theorem 6.7.
Proposition 8.5. A bounded curvature path in Ω ⊂ R2 having a returning point
in ∂R1 (or ∂R3) admit a negative direction.
Proof. The existence of a returning point implies non-monotonicity of the first
component of γ and therefore Lemma 8.3 ensures the existence of a point r ∈ I
such that 〈X, γ′(r)〉 < 0. 
Definition 8.6. A maximal inflection point with respect to x ∈ TR2 is a minimum
value of the turning map τ : I → R (see Fig. 11).
It is easy to see that if γ has a returning point and maximal inflection point at
γ(t), then 〈X, γ′(t)〉 < 0.
Definition 8.7. Let γ(t) be an inflection point, t ∈ I. We denote by I the affine
line at γ(t) spanned by the vector γ′(t) and call it the inflection tangent. The
perpendicular line to the inflection tangent at γ(t) is denoted by N and is called
the inflection normal.
Remark 8.8. Let γ(t) be an inflection point. Consider a coordinate system at γ(t)
with coordinate axes I and N . Such a coordinate system partitions the plane into
four quadrants denoted by I, II, III and IV as usual. We say that the quadrants
I and III and the quadrants II and IV are opposite quadrants (see Fig. 12).
Definition 8.9. Suppose that γ crosses N before and after the inflection point
γ(t). Let F1 be the last time γ crosses N before reaching γ(t) and let F2 be the
first time γ crosses N after reaching γ(t) (see Fig. 12).
Lemma 8.10. (See Fig. 11). Let γ be a bounded curvature path with maximal
inflection point at γ(t) for some t ∈ I.
• The path γ between F1 and γ(t) does not cross the inflection tangent I in
a point other than γ(t).
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• The path γ between γ(t) and F2 does not cross the inflection tangent I in
a point other than γ(t).
Proof. Suppose that a bounded curvature path γ with maximal inflection point γ(t)
crosses the inflection tangent I in between F1 and γ(t) (see Fig. 11). In the generic
case the path γ leaves and then reenters the quadrant III obtaining two adjacent
intersections say at γ(t1) and γ(t2). Since I corresponds to the x-axis, we have
that the graph of γ in between t1 and t2 and in between t2 and t admits minimum
and maximum y-values respectively. In addition it is easy to see that the graph of
γ at the minimum is concave and that at the maximum is convex. By virtue of the
mountain pass theorem there exists an inflection point, say γ(ti), other than γ(t) in
between F1 and γ(t), that is, τ(ti) < τ(t) leading to a contradiction. If γ intersects
I in a single point the same method applies. The second assertion is proved using
an analogous argument. 
Figure 11. The point γ(t) at the left is a maximal inflection point
but the point γ(t) at right is not.
Recall that ∆(Ω) is the space of embedded bounded curvature paths for x,y ∈
TR2 satisfying condition D.
Next we show that paths admitting a returning point have diameter bigger than
the diameter of Ω ⊂ R2 concluding that these are paths not in Ω.
Lemma 8.11. [S-Lemma]. Paths in ∆(Ω) do not have returning points.
Proof. Suppose there exists an embedded bounded curvature path γ : I → R2 in
Ω ⊂ R2 with a returning point at ∂R1. Since θ1 and θ2 have length less than pi; by
considering x = p and the returning point to be q in Corollary 6.4 (see Fig. 8) we
conclude that there exists a pair of parallel tangents and by applying Proposition 6.5
we can homotope γ until it touches ∂R3, so the homotoped path has two returning
points after applying Proposition 6.5. Let γ(t) be a maximal inflection point with
coordinate system as in Remark 8.8. By virtue of Lemma 8.10 we have that the
path γ between F1 and γ(t) does not crosses the inflection tangent I in a point
other than γ(t) and symmetrically γ also does not crosses I in between γ(t) and
F2. In other words since a maximal inflection point is an extremal of the turning
map τ we have that the two returning points must lie in opposite quadrants.
Our strategy is to establish that none of the trajectories from x to y are possible
for embedded paths in Ω under the hypothesis of a returning point. The first
scenario occurs when γ crosses the inflection normal N . In other words we want to
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analyze the behavior of γ as its trajectory travels from the quadrant IV to III and
from the quadrant I to II, see Fig. 12. We separate this into cases:
(1) d(F1, γ(t)) ≥ 2 and d(F2, γ(t)) ≥ 2.
(2) d(F1, γ(t)) < 2 and d(F2, γ(t)) < 2.
(3) d(F1, γ(t)) < 2 and d(F2, γ(t)) ≥ 2.
(4) d(F1, γ(t)) ≥ 2 and d(F2, γ(t)) < 2.
The proof of the first case is trivial since it immediately implies that diam(γ) > 4
and therefore by Theorem 5.4 γ is not in Ω.
For the second case we apply Corollary 6.4 to γ where the circle C is the right
adjacent circle of γ(t) and the parallel lines are L1 = I and L2 satisfies the equation
y = 2. We conclude that γ must contain a point of the line L2, otherwise it crosses
I contradicting the hypothesis that γ(t) is a maximal inflection point, using Lemma
8.10.
By an analogous argument applying Corollary 6.4 to γ where the circle C is
the left adjacent circle of γ(t) and parallel lines L1 = I and L2 satisfies equation
y = −2, we conclude that γ must contain a point of the line L2, otherwise it crosses
I contradicting the hypothesis that γ(t) is a maximal inflection point, using Lemma
8.10. So, we obtain that diam(γ) > 4 therefore γ is a path not in Ω. In addition
note that the third and fourth cases are identical and also lead to diam(γ) > 4 by
a combination of the first and second case.
Figure 12. A bounded curvature path with diameter bigger than 4.
In conclusion we have excluded the following trajectories for embedded bounded
curvature paths in Ω. Here → indicates the direction of travel of γ where the first
and the last element in the sequence contain x and y respectively.
• I→ IV→ III→ I→ II.
• I→ IV→ III→ I→ II→ III.
• IV→ III→ I→ II.
• IV→ III→ I→ II→ III.
Next we establish that no embedded bounded curvature path in Ω, under the
hypothesis of a returning point, has initial point x belonging to III. Therefore we
exclude of the following trajectories:
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• III→ I.
• III→ I→ II.
• III→ I→ II→ III.
Let x,y ∈ TR2 such that x lies in III and y lies in I. Since γ admits a return-
ing point, say at γ(t) for some t ∈ I, its maximal inflection point is such that
〈X, γ′(t)〉 < 0. Now, let L1 be the line satisfying equation y = 2 and L2 be the
line satisfying equation y = −2 in the coordinate system considered in Remark 8.8.
Consider the following cases:
• The point x lies in the band between I and L1 and y lies in the band
between I and L2.
• The point x lies in the upper half plane with boundary L1 and y lies in the
lower half plane with boundary L2.
• The point x lies in the band between I and L1 and y lies in the lower half
plane with boundary L2.
• The point x lies in the upper half plane with boundary L1 and y lies in the
band between I and L2.
If x belongs to the band in between I and L1 by virtue of Corollary 6.4 γ contains
a point in the upper half plane bounded by the line L1. The same argument applies
if y belongs to the band between I and L2. Therefore we have that diam(γ) > 4
implying that γ is a path not in Ω.
The case when x lies in the upper half plane bounded by L1 and y lies in the
lower half plane bounded by L2 trivially implies that diam(γ) > 4, therefore γ is a
path not in Ω. The proof of third and fourth statements involve just a combination
of the first and second statements.
The validity of the S-Lemma for the three remaining configurations for the po-
sition of the returning point at ∂R1 or ∂R3 is proven using an identical argument
as above. Note that the different signs of the curvature at γ(t) induce different
arrangements for the quadrants. 
Remark 8.12. When θ2 >
pi
2 , (or θ4 >
pi
2 ) the returning point may lie on ∂R2 in an
extension of an arc of ∂R1, (∂R3). In any case, Theorem 8.11 also applies.
Theorem 8.13. Paths in ∆(Ω) do not have boundary tangent points.
Proof. By Theorem 7.5 bounded curvature paths do not have boundary tangent
points with ∂R1 before entering R2, and in ∂R3 after leaving R2 for the final time.
By Lemma 8.11, embedded bounded curvature paths do not have boundary tangent
points at ∂R1. By a symmetrical argument, embedded bounded curvature paths
do not have boundary tangent points in ∂R3. By Theorem 7.6 bounded curvature
paths do not have boundary tangent points with ∂R2. Since ∂Ω is formed by ∂R1,
∂R2 and ∂R3, the result follows. 
Theorem 8.14. Paths in ∆(Ω) have bounded length.
Proof. Let γ ∈ ∆(Ω) be a path of arbitrarily large length. Suppose γ does not have a
negative direction. Since Ω ⊂ R2 is bounded and γ is a path of arbitrary large length
that only travels forward, we have that γ must leave Ω leading to a contradiction.
Suppose γ have a negative direction, since the turning map τ : I → R is a continuous
function defined on a compact domain, τ admits a maximal inflection point. As a
consequence of Lemma 8.10 the trajectory of γ after the maximal inflection point
(see Fig. 13):
NON-UNIQUENESS OF THE HOMOTOPY CLASS OF BOUNDED CURVATURE PATHS 19
• Lies in between the lines I and L2 traveling forward.
• Turns back and lies in between the lines L1 and L2.
• Crosses L2.
• Turns back and crosses L1 twice.
Figure 13. Possible trajectories for γ after the maximal inflection
point γ(t). By Lemma 8.10 (after the maximal inflection point) the
path γ may cross the inflection tangent I before intersectingN (see
Fig. 11).
Here, the inflection tangent I and L1, L2 are parallel lines tangent to unit radius
circles. Since the length of γ is chosen to be arbitrarily large, it is easy to see that
under the possible trajectories of γ after the maximal inflection point a diameter
bigger than 4 is always achieved. The first two cases run with an analogous ar-
gument as applied to paths that only travel forward (see Fig. 13 top). The third
case immediately implies diam(γ) > 4, the last case implies the existence of parallel
tangents, by Theorem 6.5 γ is a free path and by Theorem 8.13 these are paths not
in Ω (see Fig. 13 bottom). Since the possible unbounded length paths always have
diameter bigger than 4, by Theorem 5.4 the result follows. 
Corollary 8.15. Paths in ∆(Ω) are not bounded-homotopic to paths with a self
intersection.
Proof. Consider γ ∈ ∆(Ω) and a homotopy of bounded curvature paths Ht such
that Ht(0) = γ, and Ht(1) is a path in with a self intersection. Then there exists
r ∈ I such that Ht(r) = σ is the first path admitting a self intersection in Ht. By
Theorem 6.7 we have that σ is free and therefore bounded-homotopic to a path of
arbitrary large length contradicting Theorem 8.14. 
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9. Non-uniqueness of the homotopy class of bounded curvature paths
Next we present our main result.
Theorem 9.1. If x,y ∈ TR2 satisfies condition D. Then, Γ(x,y) has least two
homotopy clasess being these ∆(Ω) and ∆′(Ω). In particular the elements in ∆(Ω)
are not free.
Proof. If Γ(x,y) contains an isolated point the result immediately follows. Consider
γ ∈ ∆(Ω). Suppose there exists δ ∈ ∆′(Ω) together with a bounded curvature ho-
motopy Ht : [0, 1]→ Γ(x,y) such that Ht(0) = γ and Ht(1) = δ. Then there exists
p ∈ I such that Ht(p) has a boundary tangent point contradicting via Theorem
8.13 the continuity of Ht. The elements in ∆(Ω) are not free by Theorem 8.14. 
We conclude that (embedded) paths in ∆(Ω) are not bounded-homotopic to
paths in ∆′(Ω). In particular, the spaces Γ(x,y) with x,y ∈ TR2 satisfying con-
dition D are not path connected implying the existence of at least two different
homotopy classes in Γ(x,y). We conjecture that ∆(Ω) is an isotopy class in Γ(x,y).
10. An Application to Motion Planning
In the decline design of an underground mine, the mine is considered as a 3-
dimensional network (strategic locations in the mine are represented as directed
nodes with links establishing connections between such locations) see Fig. 14.
Additional restrictions on the structure of the 3-dimensional network are given
by navigability restriction on turning radius for vehicles, and the inclination (or
gradient) for the ramps.
Sussmann in 1995 answered the problem of finding minimal length bounded
curvature paths in R3 [24]. The gradient constraint is not taken into consideration
being the important result in [24] inviable for applications to motion planning of
robots in 3-space due to mechanical limitations.
The approach of minimizing the cost of the links corresponds to considering the
projected problem in the horizontal plane. A planar path (length minimiser) can
be lifted into the 3-space while keeping a uniform gradient. The lifted path will
satisfy the gradient constraint if and only if the length of the planar path reaches a
lower bound dependent on the vertical displacement between the end points of the
link. If the length of the minimum length path is less than the given lower bound
we can attempt to extend (homotope) the path to reach the required length. If the
projected nodes x,y ∈ TR2 are such that a region Ω is obtained then by virtue of
Theorem 8.13 we have that such paths are trapped in Ω. Therefore, the desired
lower bound for the length of the paths between the projected nodes may not be
achieved.
As an immediate consequence of Theorem 9.1 and in the context of the problem
previously described we have the following result.
Corollary 10.1. Suppose that x,y ∈ TR2 satisfies condition D. Then the minimal
length element in Γ(x,y) is not bounded-homotopic to a free path.
As the result of the research conducted at The University of Melbourne research
group in underground mine optimization, the software DOT (Decline Optimisation
Tool) has been developed [3]. The algorithm in DOT assumes the validity of Corol-
lary 10.1. The algorithm searches for the second shortest Dubins path between the
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Figure 14. An underground mine design obtained by DOT.
given endpoint condition. In this fashion the algorithm in DOT becomes optimal.
Fig. 14 illustrates an underground mine design obtained by DOT.
References
1. P. K. Agarwal, P. Raghavan, and H. Tamaki. Motion planning for a steering-constrained
robot through moderate obstacles. In Proc. 27th Annu. ACM Sympos. Theory Comput.,
pages 343352, 1995.
2. J. Ayala, On the Topology of the Spaces of Plane Curves (To appear in Advances in Geometry)
arXiv:1404.4378v1 [math.GT]
3. Brazil M., Grossman, P. A., Lee D., Thomas D.A., Rubinstein J.H., Wormald N. C., Con-
strained path optimisation for underground mine layout, Proceedings of the World Congress
on Engineering 2007 Vol II, WCE 2007, July 2 - 4, 2007, London, U.K.
4. M. Brazil, P.A. Grossman, D.A. Thomas, J.H. Rubinstein, D. Lee, N.C. Wormald, Constrained
Path Optimisation for Underground Mine Layout, The 2007 International Conference of Ap-
plied and Engineering Mathematics (ICAEM07), London, (2007),856-861.
5. X.-N. Bui, P. Soueres, J.-D. Boissonnat, and J.-P. Laumond. The Shortest Path Synthesis
for Non-holonomic Robots Moving Forwards. Technical Report 2153, INRIA, Nice-Sophia-
Antipolis, 1994.
6. A. Chang, M. Brazil, D.A. Thomas, J.H. Rubinstein, Curvature-constrained directional-cost
paths in the plane. Journal of Global Optimization, Volume 53 Issue 4, August (2012), 663-
681.
7. Y. Chitour and M. Sigalotti, Dubins problem on surfaces I: nonnegative curvature, The Journal
of Geometric Analysis Volume 15, Number 4, 2005
8. I. S. Dolinskaya and A. Maggiar, Time-optimal trajectories with bounded curvature in
anisotropic media. The International Journal of Robotics Research 31 (14), 1761-1793.
9. L.E. Dubins, On Curves of Minimal Length with Constraint on Average Curvature, and with
Prescribed Initial and Terminal Positions and Tangents, American Journal of Mathematics
79 (1957), 139-155.
10. L.E. Dubins, On Plane Curve with Curvature, Pacific J. Math. Volume 11, Number 2 (1961),
471-481.
11. S. Eriksson-Bique, D. Kirkpatrick, and V. Polishchuk, Discrete Dubins Paths. ArXiv e-prints,
2012, 1211.2365.
12. J. A. Goodman, S. J. Purkis, S. R. Phinn, Coral Reef Remote Sensing: a guide for mapping,
monitoring and management. Springer Science and Business Media, Apr 18, 2013 - Technology
and Engineering.
22 JOSE´ AYALA AND HYAM RUBINSTEIN
13. V. Jurdjevic, Geometric control theory, Cambridge Studies in Adv. Math., vol. 52, Cam. Univ.
Press, Cambrdige; 1997
14. Y. Lin, S. Saripalli, Path planning using 3D Dubins Curve for Unmanned Aerial Vehicles.
ICUAS’14. The 2014 International Conference on Unmanned Aircraft Systems, 27-30 May
2014.
15. J. Le Ny, J. Feron, E. Frazzoli, On the curvature-constrained traveling salesman problem.
IEEE Trans. Autom. Control, in press.
16. D. Mittenhuber, Dubins problem in the hyperbolic plane using the open disc model, in Geo-
metric control and non-holonomic mechanics (Mexico City, 1996), CMS Conf. Proc., vol. 25,
Amer. Math. Soc., Providence, RI, 1998, pp 115-152.
17. F. Monroy-Pe´rez. Non-Euclidean Dubins’ problem. Journal of dynamical and control systems,
4(2):249-272, 1998.
18. R.N. Murray, Z.X. Li, and S.S. Sastry, A mathematical introduction to robotic manipulation,
CRC Press, Boca Raton, FL; 1994.
19. M. Owen, R. W. Beard , T. W. McLain. Implementing Dubins Airplane Paths on Fixed-
Wing UAVs. Handbook of Unmanned Aerial Vehicles Ed. P. Valavanis, P. Kimon and G.
Vachtsevanos, 2015.
20. R. G. Sanfelice, E. Frazzoli, On the optimality of Dubins paths across heterogeneous terrain.
In: Egerstedt, M., Mishra, B. (eds.) Hybrid Systems: Computation and Control, vol. 4981
pp.457470. Springer, Heidelberg (2008).
21. A. M. Shkel, V. Lumelsky, Classification of the Dubins set. Robot. Auton. Syst. 2001, 34,
179202.
22. M. Sigalotti and Y. Chitour, Dubins problem on surfaces II: nonpositive curvature, Siam J.
Control Optim. Vol. 45, No. 2, pp. 457-482.
23. H.J. Sussmann and G. Tang, Shortest paths for the Reeds and Shepp car: a worked out
example of the use of geometric techniques in nonlinear optimal control, Rutgers Center for
Systems and Control Technical Report 91-10, 1991.
24. H. J. Sussmann, Shortest 3-dimensional paths with a prescribed curvature bound. Proceedings
of the 34th IEEE Conference on Decision and Control, pp. 3306-3312, 1995.
25. A. Tsourdos, B. White, M. Shanmugavel Cooperative Path Planning of Unmanned Aerial
Vehicles. Aerospace Series PEP 2011.
26. Whitney, H. On regular closed curves in the plane. Compositio Math. 4 (1937), 276-284
Instituto de Ciencias Exactas y Naturales ICEN, Universidad Arturo Prat, Iquique,
Chile
E-mail address: jayalhoff@gmail.com
Department of Mathematics and Statistics, University of Melbourne Parkville, VIC
3010 Australia
E-mail address: rubin@ms.unimelb.edu.au
